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A review of Wigner’s time reversal is presented and some important aspects
are emphasized. The subject is introduced via classical mechanics. Non-
physical statements as ““time running backwards™ are avoided. Comments
are made on the roles of time and of the operator i#(8/8t) in quantum mech-
anics. The role of symmetries and conservation laws and some properties of
the time-reversed states are discussed.

1. TIME REVERSAL IN CLASSICAL MECHANICS

To illustrate the principles involved in time reversal, let us consider a
simple problem in classical mechanics. Suppose a particle is moving along a
trajectory (Figure 1) in a conservative field of force. The equation of motion
is

d°r

mos = -V (1.1

Let r,(0) and p/(0) be the position and momentum of the particle at the time

t = 0. At this instant let us start the motion of an identical particle with

position and momentum given by ry(0) = r(0) and py(0) = —p,(0). If the

second particle retraces the trajectory, arriving at a later time ¢ = ¢, to the

position of the first particle at ¢ = —¢, with opposite momentum, we say

that the equation of motion underlying the process is invariant under time

reversal. That is, if the equations of motion allow r(¢) as a possible trajectory
for the particle, then r(—¢) is also allowed.

We could instead speak of reversal of motion since it is realized with
the time developing normally but reversing the momentum. Speaking about
time running backwards could arise objections with respect to reversing the
flow of time in an actual experiment. To understand time reversal one does
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Fig. 1. Two classical trajectories I and II that correspond by time reversal. The two
trajectories coincide but are shown separated for clarity.

not need to think in terms of time flowing backwards or in such refinements
as the motion of the hands of the clock being reversed. The process could be
illustrated by a film which when run backwards shows a motion compatible
with the equations of motion, that is, as physically possible as the original.
The improbability of the reversed motion does not worry us. It is enough
that the process is, in principle, a possible one. Mathematically, once we
know r;(¢) we can express this correspondence by

r(t) = r(—1)

Considering the velocities we may write
_ dry(1)
vI(t) - ( dt .

.m l‘n(l + At) - l'n(l)

vu(t) = g—-o Af
o Nt = A - r(—t)  (dr(r) o
= fim, Af =) e

So
pu(t) = —p«(—1)

We can say that the time-reversed state of the particle is defined by
ro(t) = r(—1¢)
Pu(t) = —p(—1)

Of course resulting from the transformations of r and p the angular
momentum L = r X p changes sign.
In general, for a system described by the generalized coordinates g; and
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generalized momenta p;, assuming that the Hamiltonian Hy(q;, p;) does not
depend explicitly on time, we may write the equations of motion

Ci’@ _ 0H\(q1, p)

dt op

' (1.2)
dpr _ _2Hi(qs py)
dt oq;

Let us suppose that another system II exists, so that for each solution ¢(t),
pi(t) of (1.2), a time-reversed solution

qu(t) = qi(—1)

1.3
pu(t) = —pi(—1) (1.3)

is allowed, satisfying

(@Q) _ (@@)_ _ _0H(g(=1), p(— 1))

dt dt op(—1)
— dH(qu(t), —pu(?)) — OH1(qu(1), pn(1))
apul(?) opult)
(dpn(t)) - (dPI(t)) — _aHI(Ch("’t),pI(_t))
dt J dr |- ogqi(—1)
_ _0H{qu(®), —pu(?)) _ _ 8Hu(gu(®), pu(t))
oqx(t) oqn(t)

For this to be true for all the solutions g(¢), pi(¢), the Hamiltonian of the
system II should be obtained from the Hamiltonian of system I by changing
the signs of the momenta. If we are considering the time development of the
same system then the Hamiltonian must be invariant under this operation.
This is what happens in many cases of physical interest, when for example
it is quadratic in the momenta. We say that the equations of motion are
invariant under time reversal. Quantitatively, we may say that the time
reversal invariance in classical mechanics is a consequence of the invariance
of the equations of motion under the transformation ¢ — —¢. In this way
dldt — —djdt, ¢ — q, § > — ¢, p — —p, and p — p, and if the Hamiltonian is
left invariant by the transformation, Hamilton’s equations are invarjant.
Nevertheless there are very important classical systems evolving in the
presence of external fields. Then the invariance holds or not according to the
behavior of the external forces under time reversal. In particular, and referring
to Fig. 1, the invariance holds if the external forces for ry; at time ¢, are the
same as the external forces for r; at time —¢. A simple example where it is
not so is the case of the frictional forces because these forces change sign in
the reversed motion. Another simple example is the motion of a charged
particle in a time-independent magnetic field. Due to the Lorentz force
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Fig. 2. Time reversal trajectories of a charged particle in a magnetic field. The field is
assumed normal to the plane of the page.

changing sign with inversion of the velocity, time reversal invariance does
not hold. The situation can be visualized in Figure 2.
The difficulty is obvious if we write, for example, the Hamiltonian
describing a nonrelativistic particle in an electromagnetic field
- {lo-gacof et}
H=<{=|p—-Alr,1)| + edqr, 1) (1.4)
m ¢
where A is the vector potential and A4, is the scalar potential.

A is itself created by charges in motion. If we incorporate these charges
in our system, we change by time reversal the sign of A, and therefore the
magnetic field, but the electric field generated by the charges, remains the
same.

The scheme fails if we are interested in studying the motion of a charge
in a fixed external field.

What we mean is that, if the charged particle is moving in an external
field, to have a time reversal invariant Hamiltonian we have to accept a more
general definition of the time-reversed state:

rlt) = r(—1)
pult) = —p(—1)
Au(r, 1) = —Alr, — 1)
Aou(r, 1) = Aoilr, —1)

Maxwell’s equations are, in particular, unchanged under time reversal.

2. THE ROLE OF TIME IN QUANTUM MECHANICS

The Schroédinger formulation of quantum mechanics is based on a
description where the state vector moves about in Hilbert space, as time
develops.

Assuming that no measurements are made, an isolated system evolves
in a uniquely predicted way. In the case of an isolated system the Hamiltonian
is time independent and the time evolution operator

U@ = exp {—% Ht} @2.1)
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where ¢ is a parameter which may take any value from —co to +c0, has the
job of “driving” |4(z)> in Hilbert space. This transformation operator is
similar in form to the operator exp {— (i/#)pa}, where a is a real parameter.
This operator, when acting on the ket |x"), corresponds to the eigenvalue
x’ + a which may be any value from —oo to -+oco. That is, the spectrum of x
is continuous and extends from —oo to +c0. Analogously the unitary operator
exp {({/h)xb} corresponds, when acting on the ket |p">, to eigenvalues of p
which may have any value from —co to +c0. We could ask (Pauli, 1958)
at this stage if there is a time operator 7, generator of energy displacements,
such that exp {(i/#)Te}, with e an energy parameter, when applied to a
ket |E> would correspond to an eigenvalue E + e of the Hamiltonian H.
Similarly, to the x-p problem, if such a time operator T existed, corre-
sponding to a commutation relation [T, H] = i#, a continuous spectrum of
energy would result from —oo to 4c0. The occurrence of discrete eigenvalues
of H, which imply that the spectrum of H is bounded from below, £ > E;,,
invalidates the hypothesis that such an operator 7 exists. So energy and time
appear in quantum theory on a completely different footing: the energy is a
dynamical variable but the time is a parameter and does not correspond
to the eigenvalue of an Hermitian operator. In particular the time-energy
uncertainty relation has to be put in a different way from the coordinate-
momentum uncertainty relation.

In a nonisolated system, H is time dependent and U(¢) has not the simple
form of (2.1), but the time evolution of the state vector |)(¢)) is still given by
the Schrédinger equation

HO() = in L 2.2)

Some care is necessary when writing an expression like
H=ihl 2.3)
= iho .

The Hamiltonian is an operator whose form is determined by the properties
of the system and is a function of operators like coordinate and momentum.
The Hamiltonian H is an operator in Hilbert space, but i#(é/0t), which acts
on the family |(¢))> of a continuous parameter ¢, is not an operator in Hilbert
space. What is involved in equation (2.2) is to find a parametrization of the
family |4(¢)> in Hilbert space so that H acting on the state vector [¢(¢)) gives
the same result as i#(0/ét) acting on |$(¢)>. Let us see this point with a little
more detail. An operator 4 in Hilbert space is determined, only, by its effect
on the basis vectors |@,)

Al¢a> = 23: ]‘P/i>aﬁa
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Writing the state vector [¢(z)) as
[$(2)> = Z cs(t)| s>

where ¢,4(2) stands for the amplitude to be in the base state |g;)> at the time ¢,
Schrédinger equation tells us that
dc‘, t
i ( ) _ = 3 Haes(®) (2.4)
with
Hyp = {pu|Hlpp>

3. TIME REVERSAL IN QUANTUM MECHANICS

We shall discuss the operation known as Wigner time reversal, first
introduced by Wigner in 1932.

To start with, let us suppose that |(¢) is a solution of the Schrodinger
equation

A1) = in T 3.1

with H a time-independent Hamiltonian.
If we replace ¢ by — ¢ this equation becomes

Hl(~ 1)y = ~in WD

showing that the Schrédinger equation is not invariant under the transforma-
tion t — — 1.

For comparison, let us consider the heat-conduction equation, which
also involves a first-order time derivative,

tZ ——

i kver 3.2)
where k is the thermal diffusivity and T the temperature. This equation
reflects an asymmetry in time in the process of, say, the distribution of
energy when two pieces of metal at different temperatures are placed in
contact with each other. But in spite of both equations (3.1) and (3.2) being
of first order in time, the presence of i in the Schrédinger equation not only
allows periodic solutions, but also enables the original form to be restored
by taking its complex conjugate. In fact, if H is real,

L) 8|‘/’(_t)>*
HI(=0))* = ifi =g =

and [(—1)>* satisfies the same Schrédinger equation as [(2)).
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The invariance would be assured if besides replacing # by —¢, we
consider the effect of the operator complex conjugation to reproduce the
form of the Schrodinger equation. That is, even if |(—17)) is not a solution
it is possible to find an antilinear operator that transforms [)(—1)) into the
time-reversed solution |#z(¢)> of the Schrédinger equation.

As required, this transformation ensures that if the system is in a time-
reversed state |z(¢)), the probability of finding it in a state |¢(z)) is equal
to the probability of finding it, at the time —¢, in the state |¢(¢)> when the
system is known to be the original state [¢i(¢)). In fact, as

(Ba@®gr(t)) = <P(—O[P(—1)* (3.3)
we have

Kéa(a(@)>[? = K$(=Dd(= 1))}

Without alteration in the result, and for reasons that will shortly be
clarified, we shall include a unitary operator U in the definition of the time
reversal operator

[a(t)) = Ulg(—1)>* = UK[H(=1)) = T[H(—1)) 3.4)

with K the complex conjugation operator. As we shall see, the choice I = K
is only correct in a particular representation, J = UK being a more general
time reversal operator.

The operator 4~ = UK is antiunitary, i.e., is antilinear and preserves the
norm

(GTNT ) = <Ll (3.5

The effect of the operator K depends on the representation used. Con-
sidering the particular basis vectors corresponding to a representation, the
state vector is represented by its coefficients. By definition [4(¢)>* is the
vector obtained taking, on the same basis, the complex conjugate of these
coefficients. If

> = > lan<aldy
i

then
* = 2 lad<aily)*
We also define the complex conjugate operator as

0* = 3 |a<a|Olay*<a)|

Since the operation of complex conjugation carried out twice is equiv-
alent to the identity operation, K2 = I and therefore K = K1, we may write
T -1 =KU"
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Summarizing, and in more general terms, let |¢(z)> be a solution of the
Schrédinger equation

HOW(@) = i LA

Considering the equation
H¥(=Dp(—1)* =

if there is a unitary operator U such that
T H(—t)T ' = UH¥(—)U* = H(¢) 3.6)

5 OlP(=)H*
ih %

we may write

R~ Ul(- 0+ = i T

in the form
HOa(t)y = in 22

If [$(2)> is a solution, |fz(2)y = T |$(—1)> is a solution.

The unitary operator U depends on the nature of the Hamiltonian and
like K depends on the representation used for the wave function, as we shall
see in examples which will later be considered.

Now we shall consider for a single particle state the real expectation
values of the coordinate and momentum operators. By analogy with the
classical problem we would like the transformation properties of the operators
r and p, under time reversal, to be such that

(= DIr[(—1)> = a(®)x]ifa(0)) 3.7
G(=DIpl(—1)> = — (D) Pl (1)> (3.8)

Remembering the classical definition of time-reversed states this is exactly
what we should expect when comparing the expectation values for the state
[fg(t)y with the expectation values for the state |¢(z))> at the time —¢. We
shall see next that the transformations

IrT "=, ITpT t=-p 3.9)
satisfy the results (3.7) and (3.8). In fact,

= D)r[(—1)> = =T T D)Y(— 1))
= (=T T [W(—1))) = a(t)|r[fa(t)>
and
H=DIBI(=1)> = H=D(T TP~ 1))
= = (=T " HPT (—1))) = — () [pla(t))
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The transformation properties (3.9) also preserve the commutation
relation
[g: ps] = ihdy;
In the same way the transformation properties for the orbital angular

momentum
g-Liy——l = —Li

keep invariant commutation relations as
(L, y] = ifiz

[Lx’ py] = ihpz
(L., L,] =ihL,

Even if the spin has no classical analogous, its angular momentum properties
suggest that it must transform like the orbital angular momentum

TsT ' =—5

As the time is just a real parameter the time reversal operator does not
acton t:
TtT 1=t

We shall now discuss some relevant cases.

(a) The Hamiltonian describes a spinless particle.

Let us consider in the first place the coordinate representation.
We may write

Iy = Urd* = rT 4 = rUy*

and so U commutes with the operator of the coordinates.
In the coordinate representation p = —iAV and, as U is a linear
operator,
T(— iV = thUVY* = ihNT o = ihVUp*

it follows that U commutes with r and V and so it cannot be either a function
of the coordinates or a differential operator of the coordinates. It follows that
U has to be, in the coordinate representation, equivalent to the multiplication
by a constant of modulus unity. The operator U is only determined up to a
phase factor. In fact, since we can always multiply the wave function by a
phase factor we can combine the effect of the operator U with a further phase
factor. So we can choose U = 1 and write in the coordinate representation

J =K
and

ga(r, 1) = *(x, —1)
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and if H is not explicitly time dependent the condition UH*U~! = H for a
spin-independent Hamiltonian in the coordinate representation, is simply

H* = H  (real)

In the momentum representation r = AV, and KpK~! = p* = p. We
may note that we cannot say that r or p are real or imaginary without
specifying the representation.

The time reversal operator in the momentum representation cannot be
written simply as K. We should write

g = UK
with the definition
UpU;* = —p
Thus U, is simply the operation of replacing every momentum p by —p.
So, we write
gr(p, 1) = $*(—p, —1)
We obtain
TrT "t = UKV, )KU,t = ihV, = r
IpI "t = UKpKU,t = —p
and of course, the condition UH*U-! = H is written
UH*U;*=H

If, for example, the Hamiltonian contains terms of interaction with an
electromagnetic field, it is obvious that in the coordinate representation
U = U, where

UA(, —OUF = —Afr, —1) (3.10)
and in the momentum representation
U = UpUA

(b) The Hamiltonian describes a nonrelativistic spin-} particle.

As we know the nonrelativistic spin-4 theory requires a two-component
wave function, corresponding to the two degrees of freedom of the spin.

Using the coordinate representation we have only to determine U, in
spin space. In accordance with previous considerations we may write

U,KeK"U;* = —¢

and using the Pauli matrices in the usual representation

S A A N (O I
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the operator U, must satisfy

(]aa'x(]a]L = — 0Oy
Uao’yUaf = Oy
Uo, Ut = —o0,

and we may write U, = e'%s,, with & an arbitrary phase. A choice that makes
U, real is

0 1
U, = io, = (_1 0) (3.12)

We may write in the |r, m,> basis
T =io,K (3.13)

Incidentally, as we shall see, this is also the form of the time reversal operator
in Dirac theory.

If H does not depend explicitly on time, it is invariant under time reversal
provided that

o H*o, = H (3.14)

We may note that once s, = (#/2)o, we may write U, as a rotation by
— about the y axis in spin space. In fact

R;Y(m) = exp {% wsy} = exp {z% ay} = Icos%_r + oy sin% =io, = U,
For a system of N spin-{ particles

T = iNﬁ o, (WK (3.15)

(c) The Hamiltonian describes a relativistic spin-1 particle.
For a particle in an electromagnetic field (4,, A) we can write Dirac’s
equation in Hamiltonian form:

Hi(x, t) = i a—lﬁgrt’—t) = [ca- (p - EA(r, t)) + Bmgc® + erilL/:(r, 1) (3.16)
where the wave function i has four components (it is not a four-vector) and

o and B are 4 x 4 Hermitian matrices acting on spin space and satisfying

dfal + ola® = 28¥ k,1=1,2,3)
a"ﬂ + Bak =0
@p = =1
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With the help of Pauli’s matrices o), and the 2 x 2 unit matrix I, they
are, written in Dirac’s representation,

o = (fk ‘3“) B = (é ~0) (3.17)

The time reversal operator has the form 9 = UK, where U contains,
besides the operator U, which transforms A(r, —¢), an operator U, acting
only on the matrices «* and B, needed to bring the transformed Dirac’s
equation

5 OUp™(x, —1)
ih —

= {—cUDa*U{,l- (p - EA(r, —t)) + UpB*Up mgc? + eAO}UDLp*(r, ~1)

to the original form. So, it is straightforward that U, should give
Upd*Upt = —oF
Upp*Up' = B

The matrix Up which gives the required transformation properties may be
written, up to a phase,

Up = o®al = ib, (3.18)

where 6, is the 4 x 4 matrix
g, O
8y = (02 ) (3.19)

So, we obtain a formally similar result to the nonrelativistic case.
We could have considered Dirac’s equation in covariant form

L0
[yu (1hw - EAM) - moc]¢(x) =0 (3.20)
where
Y = po*
and
v =8

In Dirac’s representation

0 o I 0
= (_G ok)’ )0 = (0 _1) (3.21)
k

With this choice y° is Hermitian but the y* are antiHermitian matrices. The
anticommutator of y* and y” satisfies

YhyY + iyt = 2gH
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with g#¥ the metric tensor
i 0 0 0
0 -1 0 0
0 0 -1 0
0 0 0 -1

Considering the transformed equation
O -1 7 a € 0 k
UD‘y UD lha_‘xo - EAo('_‘x ,» X )

+ ;zl UD(—yk*)Ugl[ihg%c A, xk)] - moc}UDalx*(——xO, ¥) =0
the matrix U, which recovers the original form may be written, up to a phase,
Up = v°

and we may write besides the operator U,

I = y1*K = i6,K (3.22)

4. THE ASSOCIATION OF SYMMETRY OPERATIONS WITH
CONSERVATION LAWS AND THE TIME REVERSAL OPERATION

If a physical system possesses a complete set of commuting observables,
A, B, ..., L, the corresponding eigenvalues completely determine a state
|a, b, ..., 1>, which is unique up to a phase. Allowing cach of the eigenvalues
to vary over its spectrum we obtain an orthonormal basis. When speaking of
a “‘state” we shall mean a state |4> which can be identified by the coefficients
of the linear combination of the basis vectors, so that the phase relations
between those components are known.

When we can assign to a system a definite state (often called a pure
state), the set of vectors e*|> is called a ray and all vectors belonging to a
ray represent the same physical state.

The transition probability |{${¥>|* represents the probability of the
system known to be in the state [ behaving as if it were in state [¢).

A symmetry operation (sometimes referred to as invariance principle)
applied to a state is a one-to-one correspondence which assigns to every
physical state |> another state |'> in a way that the physical properties
(transition probabilities and expectation values) are preserved.

Considering a symmetry operator T’

> = Tl
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we have, if it is either unitary or antiunita -,
TTt =TT =1
Clearly, both unitary and antiunitary operators satisfy

KB [ 12 = [<l>1? (4.1)

Considering an arbitrary linear operator O (Hermitian or not), since
the expectation values are preserved, we have for a unitary operator U

HONY = GO = U0
with the trgnsformed operator
o =Uout 4.2)

For an antiunitary operator

O = O = (PITHOT ) = GITIOT [P* = P|OHgh*
with the transformed operator
O =701 4.3)

In any case if
O =0
we say that the operator is invariant under the symmetry transformation.
As we know, a unitary operator that corresponds to a continuous
transformation can be written as
U = et<4 4.4

where € is a parameter that varies continuously and A4 is a Hermitian operator
called the generator. With a continuous transformation we can, from the
identity operation, make a finite transformation out of infinitesimal ones. By
making e infinitesimal and keeping terms up to the order ¢ we may write
U=1T+ ied + 0O(?)
If the Hamiltonian is invariant under the transformation, we have
UHU' = H = H + ie[d, H]
and the condition is equivalent to
[A,H1 =0

As the rate of change of the expectation value of an observable is determined
by the commutator [4, H] we see that if the Hamiltonian is invariant under a
symmetry transformation the expectation value of the corresponding genera-
tor is a conserved quantity. For example, associated with the momentum,
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energy, and angular momentum operators we have translational invariance
in space and time and rotational invariance, resulting in the consequent
conservation principles.

Besides the continuous transformation operators we shall consider now
discrete symmetry operators, by which we mean symmetry operators which
if applied twice to a physical system leave the system unchanged. To this
category belong, for example, parity and time reversal. It may happen that
the symmetry operator is Hermitian and unitary, as the parity operator, and
in this case if

PHP' = H, [P,HI =0

the operator leads by itself to a symmetry operation and to a conservation
principle. But the time reversal operator & is antilinear and so there is no .
corresponding conservation principle. In fact, since 7 is antilinear it cannot
be a Hermitian operator. It does not make sense to associate with J either
definite eigenvalues or definite eigenstates. Let us assume that the state vector
[4> was an eigenstate of 7 :

Tl = al>

By multiplication of |/> by a phase factor ¢! we obtain the same physical
state, but applying  we obtain

T(®1$)) = e T ) = e”a(e”[§))

So, resulting from its antilinearity, J cannot have a definite eigenvalue.
Therefore 7 cannot be an observable and .7 does not give rise to a quantum
number as parity does.

However, the operator 7 2 is a linear operator.

If the operator J is carried out twice in any state, we should obtain,
independently of a change in phase, the same state apart from a factor

T2 = cl> (4.5)

That is, all states are eigenstates of 7 2, which is therefore a constant multiple
of the unit operator and commutes with all observables

T2 =cl
or

T =cTt
and so

Tt = c*T

which substituted in the previous equation gives [c|2 = 1, and so ¢ is just a
phase factor.
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As
T =]

Y

we may write
T2 =TT

and acting with 7~ from the left and .7 from the right, we obtain 7¢7t = ¢,
that is, ¢* = ¢ and therefore ¢ = + 1. So we may write

T2 =+1 (4.6)
This result does not depend either on phase conventions or on the
representation.
Seeing that 7 is a symmetry operator of the Hamiltonian

JTHITt=H

we can expect the occurrence of additional degeneracies in the energy eigen-
states. If the Hamiltonian of the N spin-} particles is invariant under time
reversal and if |¢,> is an energy eigenstate, from

Hlo) = Euf$hs>
we have
T Hppy = ET [y
or
HT [y = ET [y

So if |¢,> is an eigenstate of a time reversal invariant Hamiltonian with
energy E,, the state 7 [¢,> is also an eigenstate of H with energy E,,.

If 72 = —I we can say that the state 7 |4, is essentially different from
[, implying a twofold degeneracy known as Kramer’s degeneracy, but if
T2 = 4+ we cannot say, without explicit details of the state, if they are the
same state (up to a phase) or not. To examine this point we could go back to
(3.15) and write for a system of N spin-} particles

T2 = (=)

The + sign applies to an even number N of spin-} particles and the — sign
to N odd. But we could look at the problem considering, to be more precise,
eigenstates |cEJM> of a time reversal invariant Hamiltonian, which are
simultaneous eigenstates of JZ and J,, with « representing the set of all the
other quantum numbers not related with the rotational properties of the
state.

Resulting from (3.15) it is possible to choose the phases of the many-
particle state so that

T|eEIM> = (=Y *M|«EJ — M>
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It follows that
T2|aEIM Y = (=) |«EJM

With J integer we have 2 = 41 and we cannot say, without further
specification, if 7 |« EJM ) is, up to a phase, the same state as |« EJM > or if it
is a different state.

With J half-odd integer we have 72 = — I and then 7 |«EJM ) is always
different from |eEJM ) (they are linearly independent), the stationary states
are pairwise degenerate, and it can be shown that they are orthogonal. In fact,

TN = NN = (PITNT 2> = = (TN = 0

Since .72 commutes with all observables
T2AT 2= A

and so the matrix elements of all observables connecting states with J
integer (J;) and J half-odd integer (J,;) vanish. In fact

CHlAl D = (LT 24720, = —{Ji|A] L) = 0

So no transitions between any pair of such states, belonging to different
eigenvalues of 72, can occur and so no physical measurements can determine
their relative phase. There is said to be a superselection rule between the two
sets of states, forbidding the comparison of their relative phases.

A superselection rule results from a conserved observable which com-
mutes with all observables, which is equivalent to saying that all physical
states are sharp eigenstates of the conserved observable. So we cannot
observe in nature a physical state superposition of states corresponding to
different values of .72

We can say that the operator which is in the origin of the superselection
rule separates the Hilbert space of physical state vectors into subspaces which
are incoherent, and a linear combination of states of these subspaces, with
known relative phases, is not physically realizable.

The ordinary selection rules, related to a physical process between
subspaces belonging to different eigenvalues of a conserved observable,
differ from the superselection rules because then not all physical states are
eigenstates of the conserved observable.

The existence of symmetries, which must be checked experimentally, is a
powerful tool to derive predictions, to find quantum numbers, to establish
selection rules and useful phase relationships, and to restrict possible terms
in the Hamiltonian, even if the dynamical theory involved is not fully
known.
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